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Abstract. We investigate the properties of categories of Gc-fiat ij-modules 
where C is a semidualizing module over a commutative noetherian ring R. 
We prove that the category of all Gc-flat ij-modules is part of a weak AB- 
context, in the terminology of Hashimoto. In particular, this allows us to 
deduce the existence of certain Auslander-Buchweitz approximations for R- 
modules of finite Go-flat dimension. We also prove that two procedures for 
building ij-modules from complete resolutions by certain subcategories of Gq- 
flat /{-modules yield only the modules in the original subcategories. 



Introduction 

Auslander and Bridger [TJ [2] introduce the modules of finite G-dimension over 
a commutative noetherian ring R, in part, to identify a class of finitely generated 
i?-modules with particularly nice duality properties with respect to R. They are 
exactly the i?-modules which admit a finite resolution by modules of G-dimension 
0. As a special case, the duality theory for these modules recovers the well-known 
duality theory for finitely generated modules over a Gorenstein ring. 

This notion has been extended in several directions. For instance, Enochs, Jenda 
and Torrecillas [HI [10] introduce the Gorenstein projective modules and the Goren- 
stein flat modules; these are analogues of modules of G-dimension for the non- 
finitely generated arena. Foxby |Tl], Golod [13] and Vasconcelos [25 focus on 
finitely generated modules, but consider duality with respect to a semidualizing 
module C. Recently, Holm and J0rgensen [T7] have unified these approaches with 
the Gc-projective modules and the Gc-flat modules. For background and defini- 
tions, see Sections [T] and m 

The purpose of this paper is to use cotorsion flat modules in order to further 
study the Gc-flat modules, which are more technically challenging to investigate 
than the Gc-projective modules. Cotorsion flat modules have been successfully 
used to investigate flat modules, for instance in the work of Xu 27J, and this paper 
shows how they are similarly well-suited for studying the Gc-flat modules. 

More speciflcally, an i?- module is C-flat C -cotorsion when is isomorphic to an 
i?-module of the form F®b C where F is flat and cotorsion. We let JF™*(i?) denote 

the category of all C-flat C-cotorsion i?-modules, and we let resJ^™*(i?) denote 
the category of all i?-modules admitting a finite resolution by C-flat C-cotorsion 
i?-modules. The first step of our analysis is carried out in Section [3] where we 
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investigate the fundamental properties of these categories; see Theorem 1110 for 
some of the conclusions from this section. 

Section 0] contains our analysis of the category of Gc-flat modules, denoted 
Q!Fc{R)- This section culminates in the following theorem. In the terminology of 
Hashimoto [TS], it says that the triple (^/J^c(-R); res satisfies the 
axioms for a weak AB-context. The proof of this result is in (|4.9p . 

Theorem I. Let C be a semidualizing R-module. 

(a) QTc{R) is closed under extensions, kernels of epimorphisms and summands. 

(b) res.Fp°*(i?) is closed under cokernels of monomorphisms, extensions and 
summands, and res C lesGJ-ciR)- 

(c) T^^{R) = QTc{R) n res JF™*(i?), and T^*'{R) is an injective cogenerator 
for GTciR). 

In conjunction with [15, (1.12.10)], this result implies many of the conclusions 

of [3| for the triple {gj'ciR),Tesf^^),T^°\R)). For instance, we conclude that 
every module Af of finite Gc-flat dimension fits in an exact sequence 

such that X is in QTc{R) and Y is in resjr™*(i?). Such "approximations" have 
been very useful, for instance, in the study of modules of finite G-dimension. See 
CoroUarv 14 . 1 01 for this and other conclusions. 

In Section [5] we apply these techniques to continue our study of stability prop- 
erties of Gorenstein categories, initiated in [53]. For each subcategory X of the 
category of i?-modules, let Q^{X) denote the category of all i?-modules isomorphic 
to Coker(9f^) for some exact complex X inX such that the complexes Homjj(X', X) 
and Homjj(X, X') are exact for each module X' in X. This definition is a modifi- 
cation of the construction of Gc-projective i?-modules. Inductively, set G"'^^{X) = 
Q{Q^{X)) for each n ^ 1. The techniques of this paper allow us to prove the follow- 
ing Gc-flat versions of some results of [23] ; see Corollary 15.101 and Theorem 15.141 

Theorem II. Let C be a semidualizing R-module and let n ^ 1. 

(a) We have g''{gTc{R) D Bc{R)) = GTciR) n Bc{R). 

(b) //dim(i?) < oo, then g''^{T^°\R)) = gTc{R) n Bc{R) n Tc{R)^ ■ 

Here Bc{R) is the Bass class associated to C, and !Fc{R)^ is the category of 
all i?-modules N such that Ext|^(f ®r C,N) =0 for each flat i?-module F. In 
particular, when C = R this result yields G"{Q3^{R)) = QT{R) and, when dim(ii!) 
is finite, = gT{R) n r{R)^. 

1. Modules, Complexes and Resolutions 

We begin with some notation and terminology for use throughout this paper. 

Definition 1.1. Throughout this work i? is a commutative noetherian ring and 
A^(i?) is the category of i?-modules. We use the term "subcategory" to mean a 
"full, additive subcategory X C Jv[[R) such that, for all i?-modules M and N, 
ii M N and M G X, then N € X." Write P{R), T{R) and I(R) for the 
subcategories of projective, flat and injective i?-modules, respectively. 
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Definition 1.2. We fix subcategories X, y, W, and V of X(i?) sucli that W X 
and V <^y. Write X ^yH Ext|^(X, F) = for each X e X and each Y ey. For 
an i?-module M, write M ± 3^ (resp., X ± i\f ) if Ext|^(M, Y) = for each y e 3^ 
(resp., if Ext|^(X,M) = for each X <E X). Set 

A:"^ = the subcategory of i?- modules M such that X L M . 

We say W is a cogenerator for A" if, for each X ^ X, there is an exact sequence 

O^X^W^X'^0 

such that W € W and X' € X; and W is an injective cogenerator for A" if W is a 
cogenerator for X and <Y _L W. The terms generator and projective generator are 
defined dually. 

We say that A" is closed under extensions when, for every exact sequence 
(*) ^ M' M M" 

if M', M" G A", then M d X. We say that X is closed under kernels of monomor- 
phisms when, for every exact sequence ((1)), if M',M G X, then M" S A'. We 
say that X is closed under cokernels of epimorphisms when, for every exact se- 
quence 0, if M, M" € X, then M' € X. We say that X is closed under summands 
when, for every exact sequence 0, if M G X and Q splits, then M', M" G X. We 
say that A" is closed under products when, for every set {M\]\izi^ of modules in X, 
we have Haga ^'^^ ^ 

Definition 1.3. We employ the notation from [5^ for i?-complexes. In particular, 
i?-complcxes are indexed homologically 

M= ^ Af„ ^ Af„_i • • ■ 



with nth homology module denoted H„(M). We frequently identify i?,-modules 
with i?-complexes concentrated in degree 0. 

Let Af, N be i?-complexes. For each integer i, let Z'A/ denote the complex with 
{T'M)n = Mn-i and 9^**^ = {-lyd^.i,. Let Homfl(A//, iV) and M®rN denote the 
associated Hom complex and tensor product complex, respectively. A morphism 
a: M — > A'^ is a quasiisomorphism when each induced map H„(a): H„(A/) — > 
H„(iV) is bijective. Quasiisomorphisms are designated by the symbol ~. 

The complex Af is llomii(X, —)-exact if the complex Ilom]i(X,M) is exact for 
each X € X. Dually, the complex Af is Homfl(— , X)-exact if HouiniM, X) is exact 
for each X E X, and M is — 0^ A'-ea;ac< if M (S)r X is exact for each X E X. 

Definition 1.4. When X_„ = = H„(A) for all n > 0, the natural morphism 
X Ho (A) = M is a quasiisomorphism, that is, the following sequence is exact 

X+ = ---^Xi^Xo^M^O. 

In this event, X is an X -resolution of M if each Xn is in Af, and X^ is the 
augmented X -resolution of Af associated to A". We write "projective resolution" 
in lieu of "T'-resolution" , and we write "flat resolution" in lieu of "JT-resolution" . 
The X -projective dimension of AI is the quantity 

A'-pdj^(Af) = inf{sup{n ^ | A„ 7^ 0} | A is an A'-resolution of Af}. 
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The modules of A'-projective dimension arc the nonzero modules of X. We set 

res A" — the subcategory of i?-modules M with X-pdj^{M) < oo. 

One checks easily that res A" is additive and contains X. Following establised con- 
ventions, we set pdfl(M) = V-pdj^iM) and fdii(M) = T-pdj^iM). 

The term y-coresolution is defined dually. The y -injective dimension of M is de- 
noted y- idfl(M), and the augmented y-coresolution associated to a 3^-coresolution 
Y is denoted '^Y . We write "injective resolution" for "X-coresolution" , and we set 

cores 3^ = the subcategory of i?- modules N with y-\dfi{N) < oo 

which is additive and contains 3^. 

Definition 1.5. A ^-coresolution Y is X -proper if the the augmented resolution 
+F is Homii;(, — A')-exact. We set 

cores y = the subcategory of i?-modules admitting a ^-proper ^-coresolution. 

One checks readily that cores 3^ is additive and contains y. The term y -proper 
X -resolution is defined dually. 

Definition 1.6. An X-precover of an i?-module M is an i?-module homomor- 
phism Lp: X — > M where X ^ X such that, for each X' G X, the homomor- 
phism Homi^(X', if) : Homi^(A"', X) — » Hom;j(X', M) is surjective. An ^-precover 
9?: X — > M is an X -cover if, every endomorphism f: X X such that ip — ipf is 
an automorphism. The terms preenvelope and envelope are defined dually. 

The next three lemmata have standard proofs; see [31 proofs of (2.1) and (2.3)]. 

Lemma 1.7. Let Mi — > M2 —>■ A/3 be an exact sequence of R-modules. 

(a) If Ah ± W, then Mi ±W if and only if M2 ± W. If Mi _L W and M2 ± W, 
then AI3 J-W if and only if the given sequence is Hom/j(— , W)-exact. 

(b) // V ± Ml, then V -L M2 if and only ifV 1. M3. // V -L M2 and V _L M3, 
then V -L Mi if and only if the given sequence is Hom/i(V, —)-exact. 

(c) //Torfi(M3,V) = 0, thenToT§i{Mi,V) = ifandonlyifToT§iiM2,V) = 0. 
//Tor^i(Mi, V) = = Tor^i(M2, V), then Tor^i(M3, V) = if and only if 
the given sequence is — (Eir V-exact. □ 

Lemma 1.8. If X ±y, then X _L res 3^ and cores _L 3^. □ 

Lemma 1.9. Let X be an exact R-complex. 

(a) Assume Xi LV for all i. If X is Houijf {— ,V)- exact, then Kei{df) 1. V for 
all i. Conversely, if Ker{df) 1. V for all i or if Xi = for all i 0, then 
X is Homfl(— , V)-e3;aci. 

(b) Assume V -L Xi for all i. If X is Homfl(V, -~)-exact, then V -L Kei{df) for 
all i. Conversely, if V 1. Ker{di^) for all i or if Xi ^ for all i ^ 0, then 
X is Homij;(V, —)-exact. 

(c) Assume Tor>]^(Xi, V) = for all i. If the complex X is — ®ii V-exact, then 
Tor§i(Ker(af ), V) = for all i. Conversely, «/ Tor§i(Ker(af ), V) = for 
all i or if Xi ^ for all i <^Q, then X is — (iSir V-exact. □ 

A careful reading of the proofs of 23, (2.1), (2. 2)] yields the next result. 

Lemma 1.10. Assume that W is an injective cogenerator for X. If M has an 

X- cores olution that is W-proper and M _L W, then AI is in cores W. □ 
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2. Categories of Interest 

This section contains definitions of and basic facts about the categories to be 
investigated in this paper. 

Definition 2.1. An _R- module M is color sion if J-{R) -L M . We set 

JF'^°*(i?) = the subcategory of flat cotorsion i?-modules. 

Definition 2.2. The Pontryagin dual or character module of an i?-module M is 
the i?-module M* = Honiz(M, Q/Z). 

One implication in the following lemma is from [27, (3.1.4)], and the others are 
established similarly. 

Lemma 2.3. Let M be an R-module. 

(a) The Pontryagin dual M* is R-flat if and only if M is R-injective. 

(b) The Pontryagin dual M* is R-injective if and only if M is R-flat. □ 

Semidualizing modules, defined next, form the basis for our categories of interest. 

Definition 2.4. A finitely generated i?-module C is semidualzing if the natural 
homothety morphism R — s- Hom/j(C, C) is an isomorphism and Ext^^ (C,C) = 0. 
An _R-module D is dualizing if it is semidualizing and has finite injective dimension. 
Let C be a semidualizing i?-module. We set 

Vc{R) = the subcategory of modules P C where P is i?-projective 

Tc{R) = the subcategory of modules F (gjR C where F is i?-flat 

= the subcategory of modules F (gjj^ C where F is flat and cotorsion 

Ic{R) = the subcategory of modules Homfl(C, /) where / is i?-injective. 

Modules in Vc{R), J^c{R), ^c\R) and Xc{R) are called C -projective, C-flat, C- 
flat C -cotorsion, and C -injective, respectively. An i?-module M is C -cotorsion if 
TciR) ± M. 

Remark 2.5. We justify the terminology "C-flat C-cotorsion" in Lemma [?31 where 
we show that AI is C-flat C-cotorsion if and only if it is C-flat and C-cotorsion. 

The following categories were introduced by Foxby |12j , Avramov and Foxby [4] , 
and Christensen [6j , thought the idea goes at least back to Vasconcelos ^25j . 

Definition 2.6. Let C be a semidualizing i?-module. The Auslander class of C is 
the subcategory Ac{R) of i?-modules M such that 

(1) Tor^i(C, M) = = Ext|^(C, C®r,M), and 

(2) The natural map M Hom/j(C, C M) is an isomorphism. 
The Bass class of C is the subcategory Bc{R) of i?- modules M such that 

(1) Ext|^(C,M) = = Torfi(C,Homfl(C,M)), and 

(2) The natural evaluation map C ®fl Homfl(C, M) M is an isomorphism. 

Fact 2.7. Let C be a semidualizing i?-module. The categories Ac{Ti) and Bc{R) 
are closed under extensions, kernels of epimorphisms and cokernels of monomor- 
phism; see [18l Cor. 6.3]. The category Ac{R) contains all modules of finite flat 
dimension and those of finite Zc-injective dimension, and the category Bc{R) con- 
tains all modules of finite injective dimension and those of finite J-c-projective 
dimension by [TSl Cors. 6.1 and 6.2]. 
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Arguing as in [5, (3.2.9)], we see that M £ Ac{R) if and only if M* e Bc{R), 
and M e Bc{R) if and only if M* £ AciR)- Similarly, we have M e BciR) if and 
only if HomJ^,(C,M) e Ac{R) by [Ml (2.8. a)]. From 'W, Thm. 6.1] we know that 
every module in BciR) ^ 'Pc-proper Pc-resolution. 

The next definitions are due to Holm and J0rgensen [17 in this generality. 

Definition 2.8. Let C be a semidualizing i?-module. A complete Ic^ -resolution 
is a complex Y of _R-modules satisfying the following: 

(1) y is exact and Homi^(2c, —) -exact, and 

(2) Yi is C-injective when i ^ and Yi is injective when i < 0. 

An i?- module H is Gc -injective if there exists a complete ZcZ- resolution Y such 
that H = Coker(9j^), in which case y is a complete IcT -resolution of H. We set 

QIc{R) ~ the subcategory of Gc-injective i?-modules. 

In the special case C ~ R, we write QI{R) in place of QIr{R). 

A complete J- Tc -resolution is a complex Z of i?-modules satisfying the following. 

(1) Z is exact and — Ic-exact. 

(2) Zi is flat if i ^ and Z^ is C-flat if i < 0. 

An i?- module M is Gc-flat if there exists a complete J^JFc-resolution Z such that 
M = Coker(9f ), in which case Z is a complete TTc -resolution of M. We set 

QTc{R) = the subcategory of Gc-flat i?- modules. 

In the special case C = R, we set QT{R) — Q!Fji{R), and Gfd = QT-pd. 

A complete Wc -resolution is a complex X of i?-modules satisfying the following. 

(1) X is exact and IIom^j(— , 7'c')-exact. 

(2) Xi is projective if i ^ and Xi is C-projective if i < 0. 

An _R- module M is Gc -projective if there exists a complete T^Pc-r^solution X such 
that M = Coker(9j''- ), in which case X is a complete VVc -resolution of M. We set 

QVc{R) — the subcategory of Gc-projective i?-modules. 

Fact 2.9. Let C be a semidualizing _R-module. Flat i?-modules and C-flat R- 
modules are Gc-flat by |T7l (2.8.c)]. It is straightforward to show that an _R-module 
M is G(7-flat if and only the following conditions hold: 

(1) AI admits an augmented J-p-coresolution that is — (E)_r Ic-exact, and 

(2) Torf i(M,Jc) = 0. 

Let R t< C denote the trivial extension of R by C, defined to be the i?-module 
R K rC — R® C with ring structure given by (r, c)(r', c') = (rr', rc' -I- r'c). Each 
i?-module M is naturally an i? k C-modulc via the natural surjection R k C ^ R. 
Within this protocol we have M e GIc{R) if and only if M e QI{R k C) and 
M e gTc{R) if and only if M G gT{R k C) by H?! (2.13) and (2.15)]. Also [T71 
(2.16)] implies gTc-V<^R{M) = Gfdfl^c(M)- 

The next definition, from [23 , is modeled on the construction of QI{R). 

Definition 2.10. Let X he & subcategory of M.{R). A complete X -resolution is an 
exact complex X 'm X that is IIomfl(A', — )-exact and IIomij(— , A')-exactQ Such a 
complex is a complete X -resolution of Coker(9j''" ). We set 

Q{X) — the subcategory of _R- modules with a complete A'-resolution. 



In the literature, these complexes are sometimes called "totally acyclic" . 
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Set g°{X) = X, g^{X) ^ g{X) and g'^+^iX) = for n^l. 

Fact 2.11. Let A" be a subcategory of A4{R). Using a resolution of the form 
^ X ^ 0, one sees that X C g{X) and so g"{X) C g'^+^iX) for each n ^ 0. 
If C is a semiduahzing _R- module, then g^^{Ic{R)) = gXc{R) n Ac{R) for each 
n ^ 1; see [H (5.5)]. 

The final definition of this section is for use in the proof of Theorem |lll 

Definition 2.12. Let C be a semiduahzing _R-module, and let A" be a subcategory 
of M{R). A Vc^c?^- complete X -resolution is an exact complex X in X that 
is Hom7j(7^C: ~)-exact and Homfl(— , ./"^°*)-exact. Such a complex is a Vc^'c^- 
complete X -resolution of Coker(9j''^). We set 

T-Lc{X) = the subcategory of i?- modules with a 7'c-^c'*"'^oniplete A"- resolution. 

Set nl^iX) ^ X, n}j{X) = ndX) and T-Q^^{X) = Hcin'ljiX)) for each n^l. 

Remark 2.13. Let C be a semiduahzing i?-module, and let A" be a subcate- 
gory of Ai{R). Let X be an exact complex in X that is Hom/j;(C, —) -exact and 
Homfl(— , JFp'*)-exact. Hom-tensor adjointness implies that X is llomji(Pc , —)- 
exact and hence a Vc^c'^ -courplete A'-resolution, as is the complex Y.^X for each 
ieZ. It follows that Coker(9f ) e HciX) for each i. 

Using a resolution of the form ^ X — > 0, one sees that X C TiciX) and so 
T-Cf^iX) C Hc'^^iX) for each n ^ 0. Furthermore, if J^c{R) C X, then g{X) C 
Hc W) and so g"{X) C W^iX) for each n ^ L 

3. Modules of finite .Fg°'^-PROJECTivE dimension 

This section contains the fundamental properties of the modules of finite J-"™*- 
projective dimension. The first two results allow us to deduce information for these 
modules from the modules of finite Ic7(_R)-injective dimension. 

Lemma 3.1. Let M be an R-module, and let C be a semiduahzing R-module. 

(a) The Pontryagin dual M* is C-flat if and only if M is C-injective. 

(b) The Pontryagin dual M* is C-injective if and only if M is C-flat. 

(c) //Tor§i(C,M) = 0, then M* is C-cotorsion. 

(d) If M is C-injective, then M* is C-flat and C-cotorsion. 

Proof, (jaj) Assume that M is C-injective, so there exists an injective i?-module / 
such that M = Homi^(C, /). This yields the first isomorphism in the following 
sequence while the second is from Hom-evaluation [71 (0.3.b)]: 

M* ^ Homz(Homi^ (C, /), Q/Z) ^ C C^r Homz(/, Q/Z). 

Since / is injective, Lemma [2.3t|b)) implies that Homz(/, Q/Z) is fiat. Hence, the 
displayed isomorphisms imply that M* is C-flat. 

Conversely, assume that M* is C-fiat, so there exists a flat i?- module F such 
that M* = F®B.C . As F is fiat it is in Ac{R.): and this yields the first isomorphism 
in the next sequence, while the third isomorphism is Hom-tensor adjointness 

F ^ Homj7,(C, F C) = HomH(C, Homz(Af, Q/Z)) ^ Homz(C M, Q/Z). 

This module is fiat, and so Lemma BT^T pi) implies that C^rM is injective. From |TS1 
Thm. 1] we conclude that M is C-injective. 
jb]) This is proved similarly. 
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(jcj) Let P be a projective resolution of M. Our Tor-vanishing hypothesis imphes 
that there is a quasiisomorphism C P ~ C (E)r M. For each flat i?-niodule F, 
this yields a quasiisomorphism 

F i»rC (g)RP ~ F (g)RC (»R M. 

Because Q/Z is injective over Z, this provides the third quasiisomorphism in the 
next sequence, while the second quasiisomorphism is Hom-tensor adjointness 

Homfl(F (S)R C,P*)~ Homfl(F &)r C, Homz(P, Q/Z)) 

(*) ~Homz(F®ifC0flP,Q/Z) 

~ Homz(P (S>R C (g)R M, Q/Z). 

Since Q/Z is injective over Z, there are quasiisomorphisms 

M* ~ Homz(M,Q/Z) ~ Homz(P,Q/Z) ~ P*. 

By Lemma [2.3[j aj). it follows that P* is an injective resolution of M* over R. In 
particular, taking cohomology in the displayed sequence ((*| yields isomorphisms 

Exti^(P ^R C, M*) ^ H_,(Hom«(F (^r C, P*)) 

= H_,(Homz(P C M, Q/Z)). 

This is when i ^ because Homz(P 0^ C ®r M, Q/Z) is a module. Hence, the 
desired conclusion. 

Q Since M is C-injective, it is in AciR) by FactEJl and so Tor§i(C, M) = 0. 
Hence M is C-cotorsion by part (jcJ, and it is C-flat by part |a|. □ 

Lemma 3.2. Let M be an R-module, and let C be a semidualizing R-module. 

(a) There is an equality Xc-idR{M*) = J-c-pd^{M). 

(b) There is an equality J-c-j>dj^{M*) = Ic'-idi^(M). 

Proof. We prove part (gf ; the proof of part (|b| is similar. 

For the inequality Tc-idR{M*) ^ !Fc-pdj^{M), assume that !Fc-pdji{M) < oo. 
Let X be a J^c(_R)-resolution of M such that Xi = for all i > Tc- pdj^{M). It 
follows from Lemma [3?l1jb| that the complex X* is an Zc-coresolution of M* such 
that X* = for all i > Tc- pdj^{M). The desired inequality now follows. 

For the reverse inequality, assume that j = Ic-id_R(M*) < oo. Fact 12.71 implies 
that M* is in Ac{R), and hence also implies that M G Bc{R)- This condition 
implies that M has a ■Pc-resolution Z by Fact 12.71 In particular, this is an Tc- 
resolution of M, and so Lemma I3.1t|b|) implies that Z* is an 2(7-coresolution of 
M*. From [21 (3.3.b)] we know that Ker((af+i)*) Coker(5/+i)* is in Ic[R)- 
Lemma [3T]|b)) implies G6kei{d^j^i) G J-c{R)- It follows that the truncated complex 

Z' : ^ Coker(af+i) ^ ^ > Zq 

is an J^c-resolution of M such that Z.^' = for all i > j. The desired inequality now 
follows, and hence the equality. □ 

The next three lemmata document properties of J-'™'(i?) for use in the sequel. 
The first of these contains the characterization of C-flat C-cotorsion modules men- 
tioned in Remark 12.51 

Lemma 3.3. Let C and M be R-modules with C semidualizing. The following 
conditions are equivalent: 
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(i) M e T-c"\R); 

(ii) M e Tc{R) and Tc{R) 1- M; 

(iii) M e Bc{R) and UomR{C,M) £ T''°\R); 

(iv) Homfl(C,M) £T''°\R). 

In particular, we have Tc{R) -L T^^{R). 

Proof. (H]) <;===> (ini)- It suffices to show, for each, flat i?- module F, that J-{R) ± if 
and only if !Fc{R) -L P ®R C. Let F' be a flat i?- module. It suffices to show that 

Ext^(F' ®R C, F®rC)^ Ext^(i^', F) 

for each i. From [26l (1.11. a)] we have the first isomorphism in the next sequence 

'r®rF9^F if i 7^0 



Ext)j(C, F(g>RC)^ Ext'^ (C, C) (^R F 



F = if i = 



and the second isomorphism is from the fact that C is semidualizing. Let P be a 
projective resolution of C. The previous display provides a quasiisomorphism 

Homj^(P, F®rC)^ F 

Let P' be a projective resolution of F'. Hom-tensor adjointness yields the first 
quasiisomorphism in the next sequence 

RomR{P' ®R P, F ®ij C) ~ Homfl(P', Homfl(P, F ®« C)) ^ Homfl(P', F) 

and the second quasiisomorphism is from the previous display, because P' is a 
bounded below complex of projective P-modules. Since F' is flat, we conclude that 
P' <^R P is a projective resolution of F' ®r C. It follows that we have 

Ext^(P' ®R C, F®rC)^ H_,(Homfl(P' ^r P, F ^r C)) 

= H_,;(HomH(P',P)) 

-Exti^(P',P) 

as desired. 

© =^ ([ml. Assume that M G J^^°\R), that is, that M C ®rF for some 
F e J^™'(P) C Ac{R). Then 

Hom/?(C, M) ^ Homii(C, C®rF)'^F £ T^c\R) 

and M e J^g'*(P) C Tc{R) C Sc(i?)- 

dm]) =^ 0. If Af e Bc{R) and Homfl,(C,M) e J'™*(P), then there is an 

isomorphism M'^C®r HomH(C, M) e Tl?^R). 

inil <^ This is from Fact [27] because Jf'™*(P) C ylc(-R)- 

The conclusion !Fc{R) -L .F™*(P) follows from the implication =^ (|n|. □ 

Lemma 3.4. If C is a semidualzing R-module, then the category T^*'{R) is closed 
under products, extensions and summands. 

Proof. Consider a set {PaIasA of modules in J^™'(P). From P, (3.2.24)] we have 
IIa e J^™'(P) and so C ®r (Oa Fx) £ Tl?\R). Hence, we have 

TlxiC ®R Pa) = C ®R (Ha ^a) e .P^°*(^) 
where the isomorphism comes from the fact that C is finitely presented. Thus 
J-q'^{R) is closed under products. 

By Lemma ll.7lj bl) , the category of C-cotorsion P-modules is closed under ex- 
tensions, and it is closed under summands by the additivity of Ext. The category 
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J-c{R) is closed under extensions and summands by [HI Props. 5.1(a) and 5.2(a)]. 
The result now follows from Lemma [3731 □ 

Note that hypotheses of the next lemma are satisfied when AI e J-c{R)^^Bc{R)- 

Lemma 3.5. Let C he a semidualizing R-module, and let M be a C-cotorsion R- 
module such that the natural evaluation map C (E>r Homfl(C, M) ^ M is bijective. 

(a) The module M has an T^^-cover, and every C-flat cover of M is an 
cover of M with C-cotorsion kernel. 

(b) Each J-(?^-precover of M is surjective. 

(c) Assume further that Tor^]^(C, Homjj(C, M)) — 0. Then M has an Tc-proper 
j^^i -resolution such that Ker(9j^j^) is C-cotorsion for each i. 

Proof, (jaj) The module M has a C-flat cover Lp: F (^n C ^ M hy [18, Prop. 
5. 3. a], and Ker(iy9) is C-cotorsion by [21 , (2.1.1)]. Furthermore, the bijectivity of 
the evaluation map C ®r Homj^(C, M) M implies that there is a projective 
i?-module P and a surjective map Lp' : P ®r C ^ M by [531 (2. 2. a)]. The fact that 
(/? is a precover provides a map / : P C ^ F C such that tp' = (pf. Hence, 
the surjectivity of tp' implies that tp is surjective. It follows from Lemma ll.7r[aj) 
that F ®fl C is C-cotorsion, and so F (Sir C G Tq'^{R) by Lemma [331 Since (/j is a 
C-flat cover and !F^'^{R) C !Fc{R), we conclude that (p is an jrg?*-cover. 

© This follows as in part |aj) because M has a surjective J^™'-cover. 

(jcj) Using parts (ja|) and ([b| , the argument of [TS] Thm. 2] shows how to construct 
a resolution with the desired properties. □ 

The final three results of this section contain our main conclusions for res .7-"™* (i?) . 
The first of these extends Lemma 13.31 

Proposition 3.6. Let C and M be R-modules with C semidualizing, and let n ^ 0. 
The following conditions are equivalent: 
(i) ^^°'-pd^(M) 

(u) M e Bc{R) and J-<=°*-pd^(Homij(C, M)) ^ n; 
(in) .F^°*-pd^(Homfl(C,M)) ^ n; 

(iv) M ^ C ®R K for some R-module K such that !F'^°*^-pdj^{K) ^ n; 

(v) Tc -pd ji{M) n and Fc{R) -L M. 

Proof ^ Since pdj^(A/) ^ n < oo, we have M e Bc{R) by Fact[2Jl 

Let X be an JTg^'-resolution of M such that Xi = when i > n. for each i, let 
Fi e J^''°^{R) such that Xi = Fi ®r C. Since each F.^ is in Ac{R), we have 

Hom,^(C, X), ^ Homfl(C, X,) ^ Homj^(C, &)r C) = F,. 

A standard argument using the conditions Af, Xi E Bc{R) shows that Homfl(C, X) 
is an J^'^°*-resolution of Hom/j(C, M) such that Hom/j(C, X)i — when i > n. The 
inequality .F'^"*- pd^(Homfl (C, M)) ^ n then follows. 

© =^ (Eil) The condition M e Bc{R) implies M = C ®7j Homij(C, Af ), and so 
K = Hoirr^C, M) satisfies the desired conclusions. 

([rv]) =4> (|v|) Let F be an jr'^°*-resolution of K such that Fi — Q when i > n. 
Using the condition K,Fi e ^(^(i?), a standard argument shows that C ®ij F is 
an F™' -resolution of C = M. Hence, this resolution yields Fc-pd^(Af) ^ 

JP^°*-pd^(Af) ^ n. By Lemma|S31 we have Tc{R) -L T'^^R), and so LemmalU] 
implies Tc{R) -L res:F^*(S); in particular Tc{R) -L Af. 
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Iv} =^ dU The assumption Tc-pdj^iM) < n implies M e Bc{R) by Fact [23 
and so Ext^^ (C,M) = 0. Lemma [3.5r |cl) implies that M has an JT^-proper J^™*- 
resolution X such that Ki — Ker{di^i) is C-cotorsion for each i. In particular, the 
truncated complex 

X' ^ O^Kn^ Xn-i ^ >Xo^M^O 

is exact and Homfl(C, — )-exact. Since Tc-pdj^{M) ^ n, the proof of the im- 
plication ^ => (In]) shows that fdfl(Honi/j;(C, M)) ^ n. Since each i?-module 
Iiomji{C, Xi) is flat by Lemma [3.3[ the exact complex Homfl(C, X') is a trunca- 
tion of an augmented flat resolution of Homfl(C, M). It follows that Hom/j;(C, Kn) 
is flat, and so Kn G !Fc{R) by [18, Thm. 1]. Hence X' is an augmented 
resolution of Af, and so ^™'-pd^(M) ^ n. 

dm jnU follows from Fact O because res ^ -4c(^)- □ 

Lemma 3.7. Let C be a semidualizing R-module. // J^^°*-pd^(M) < oo, then any 
bounded J- -resolution X of M is J^cpi^oper. 

Proof. Observe that Tc{R) -L Xi for all i and !Fc{R) -L M by Proposition [3T6l So, 
the complex X^ is exact and such that {X^)i = for i :s> and !Fc{R) -L {X^)i. 
Hence, Lemma ri.9tj b|) implies that X+ is Homj<'(jrp, — )-exact. □ 

Proposition 3.8. Let C be a semidualizing R-module. The category resJ^™*(i?) 
is closed under extensions, cokernels of monomorphisms and summands. 

Proof. Consider an exact sequence 

^ Ml ^ M2 M3 ^ 

such that J'g''-pd^(Mi) and pd^CMg) are finite. To show that vesT§\R) 
is closed under extensions we need to show that .F™*-pd^(M2) is finite. 

The condition J'^°*-pd^(Afi) < 00 implies Ic-\d(Ml) = Jb-pdfl(Mi) < 00 by 
Lemma [3?2l ia| and Proposition [321 and similarly Ic"- id (M3) < 00. From (3.4)] 
we know that the category of i?-modules of finite Ic-injective dimension is closed 
under extensions. Using the dual exact sequence 

M3* m; Ml 

we conclude that 2c-id(M2) is finite. Thus, Lemma l3.2[( aj) implies that that 
^C-vdniM^) is finite. 

Since J^™'-pd^(Afi) < cxo. Proposition 13.61 implies !Fc{R) -L Mi, and similarly 
Tc{R) -L M3. Thus, we have Tc{R) 1- M2 by Lemma [FT©. Combining this with 
the previous paragraph. Proposition 13.61 implies that JF™*-pd^(M2) < 00. 

The proof of the fact that resJ^™*(i?) is closed under cokernels of monomor- 
phisms is similar. The fact that res .7-'™' (i?) is closed under summands is even 
easier to prove using the natural isomorphism (Mi © M2)* = Ml © M2 . □ 

4. Weak AB-Context 
Let C be a semidualizing i?-module. The point of this section is to show that the 

triple [QTc{R),t:&s3^c'^{R),J'c'^{R)) is a weak AB-context, and to document the 
immediate consequences; see Theorem [J and Corollarv l4.10l We begin the section 
with two results modeled on [16l (3.22) and (3.6)]. 
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Lemma 4.1. If C is a semidualizing R-module, then QJ-c{R) -L TesJ-^°^{R). 

Proof. By Lemma O it suffices to show gTc{R) -L J^c^iR)- Fix modules M e 
gTc{R) and N e T^°HR). By Lemma O we know that the Pontryagin dual TV* 
is C-injective. Hence, for i ^ 1, the vanishing in the next sequence is from Fact 12.91 

Ext'^(Af,iV**) ^ Ext'^(Af,Homz(X*,Q/Z)) = Homz(Tor*fl(M, iV*), Q/Z) = 0. 

The second isomorphism is a form of Hom-tensor adjointness using the fact that 
Q/Z is injective over Z. To finish the proof, it suffices to show that X is a summand 
of N**; then the last sequence shows Ext|^(M,iV) = 0. Write N = C F ioi 
some fiat cotorsion i?-module F, and use Hom-tensor adjointness to conclude 

N* ^ Romaic ®fl F, Q/Z) = Homi^(C, Homz(i^, Q/Z)). 

Lemma [2?3lj b|) implies that Homz(F, Q/Z) is injective, so the proof of Lemma l3.ir [aj) 
explains the second isomorphism in the next sequence 

N** = Homfl,(C,Homz(i^,(Q/Z))* = C®7jHomz(Homz;(F, Q/Z), Q/Z) ^ C^rF**. 

The proof of [ini (3.22)] shows that F is a summand of F** , and it follows that 
N = C ®R F is a summand of C ^r F** = N**, as desired. □ 

Lemma 4.2. Let C be a semidualizing R-module. If M is an R-module, then AI 
is in QJ-c{R) if and only if its Pontryagin dual M* is in QXc{R). 

Proof. Consider the trivial extension R t< C from Fact 12.91 By [16, (3.6)] we know 
that M is in gT{R k C) if and only if M* is in gi{R k C). Also M is in gT{R k C) 
if and only if M is in gTc(R), and M* is in gi{R k C) if and only if M* is in 
gXc{R) by Fact 12.91 Hence, the equivalence. □ 

The following result establishes Theorem lUjlj) . 

Proposition 4.3. Let C be a semidualizing R-module. The category gj-c{R) is 
closed under kernels of epimorphisms, extensions and summands. 

Proof. The result dual to [26l (3.8)] says that gXc{R) is closed under cokernels of 
monomorphisms, extensions and summands. To see that gTc(R) is closed under 
summands, let M S g^c{R) and assume that is a direct summand of M. It 
follows that the Pontryagin dual N* is a direct summand of M*. Lemma 14.21 
implies that M* is in gXc{R) which is closed under summands. We conclude that 
N* E gXc{R), and so iV G gj-c{R). Hence giFc{R) is closed under summands, 
and the other properties are verified similarly. □ 

The next four results put the finishing touches on Theorem IH 

Lemma 4.4. Let C be a semidualizing R-module. If X is a complete TTc- 
resolution, then Coker(9;f ) G gj-c{R) for each n e Z. 

Proof. Write M„ = Cokev{d^), and note that Mi e gTc{R) by definition. Fact [21] 
implies that X„ G gj^c{R) for each n G Z. Since Mi is in gTc{R), an induction 
argument using Proposition [L3l shows A/„ G gj-c{R) for each n ^ 1. 

Now assume n ^ 0. Lemma[TUjg), implies Tor>]^(Af„,2c') — 0. By construction, 
the following sequence is exact and — (S)r Xc-exact 

Mn Xn^2 A"„_3 ■ • • 

with each X„_, G gTc{R), and so M„ G gTc{R) by Fact[2H □ 
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Lemma 4.5. Let C be a semidualizing R-module. If M G J-c{R), then there is an 
exact sequence ^ M Mi ^ IVh with Mi e Tlj°\R) and M2 G J^c{R)- 

Proof. Since M is C-fiat, we know from (TBI Thm. 1] that Hom7j(C, M) is flat. 
By [2T, (3.1.6)] there is a cotorsion flat module F containing Homi^(C, M) such 
that the quotient F/Homfl(C, Af) is flat. Consider the exact sequence 

-> Homfl.(C, M) -> F ^ F/ Homi^(C, M) 0. 

Since F/ Homfl(C, M) is flat, an application of C ®r — yields an exact sequence 

O^C(g>B. Homfl.(C, M) ^ C (E)rF ^ C (giR {F/ Homi^(C, M)) 0. 

Because M is C-flat, it is in BciR) and so C (8)_r Homi?,(C, M) ^ M. With Mi = 
C i^iij F and M2 = C (F/ Homi^(C; M)) this yeilds the desired sequence. □ 

Lemma 4.6. Let C be a semidualizing R-module. Each module M e Q^ciR) 
admits an infective J-Q^-preenvelope a: M ^ Y such that Coker(Q!) G QTciR). 

Proof. Let M G GJ'c{R) with complete JFJ^^-resolution X. By definition, this says 
that M is a submodule of the C-flat i?-module X_i, and Lemma [4.41 implies that 
X^i/M G QJ-c{R). Since X_i is C-flat, Lemma l475l yields an exact sequence 

X_i Z ^ Z/X^i 

with Z G Tg'^R) and Z/X_i G .Fc(i?). It follows that Z/X_i is in GTciR). 
Since X_i/M is also in QTc{R), and QJ-c{R) is closed under extensions by Propo- 
sition |431 the following exact sequence shows that Z/M is also in QJ-c{R) 

X^i/M Z/M Z/X^i 0. 

In particular. Lemma [4.11 implies Z/M ± jr™'(_R), and it follows that the next 
sequence is Homfl (— , .F™*) -exact by Lemma [rTTt jajl . 

-> Af C ®fl F ^ Z/M 

The conditions Z G F™*(i?) and Z/M G QJ-c{R) then implies that the inclusion 
M ^ Z is an F™*-preenvelope whose cokernel is in QTc{R). Q 

Proposition 4.7. Let C be a semidualizing R-module. The category J-^*'{R) is 
an infective cogenerator for the category QJ-c{R). In particular, every module in 

QJ-c{R) admits a J-^^-proper -coresolution, and so QJ-c{R) ^ cores Fp°*(-R). 

Proof. Lemmas 14.11 and 14.61 imply that J^^^{R) is an injective cogenerator for 
QJ-c{R). The remaining conclusions follow immediately. □ 

Lemma 4.8. If C is a semidualizing R-module, then there is an equality T^°*{R) — 
gTc{R)r\Tesf^F{R). 

Proof. The containment F™*(i?) C QJ-c{R) nresF™*(i?) is straightforward; see 
Definition 11.41 and Fact 12.91 For the reverse containment, let M G G^c{R) H 
resF™*(i?). Truncate a bounded F™'-resolution to obtain an exact sequence 

^ K ^ F (giRC ^ M ^0 

with F G F™'(i?) and such that Fg°'- pd^(ii') < 00. We have Ext^(Af, FT) = by 
Lemma 1331 so this sequence splits. Hence M is a sumniand of F ^r C G F™*(F). 
Lemma |3^ implies that F™*(F) is closed under summands, so M G J-^^{R). □ 
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4.9. Proof of Theorem^ Part (jaj) is in Proposition [43l Since T'^^R) C GTciR) 

by Factual we have lesf^HR) C rest/^^cC^)- With this, part (0 foUows from 
Proposition 13. 81 Proposition 14.71 and Lemma l4. 81 justify part ([^. □ 

Here is the hst of immediate consequences of Theorem U and [15, (1.12.10)]. For 
part (jg), recall that add(A:') is the subcategory of all i?- modules isomorphic to a 
direct summand of a finite direct sum of modules in X . 

Corollary 4.10. Let C he a semidualizing R-module and let M e resQTciR)- 

(a) If X is an injective cogenerator for QTc{,R), then add(A') = T^°*'{R). 

(b) There exists an exact sequence {)^Y^X^M—>Q with X e QTc{R) 
and Y e lesfg^R). 

(c) There exists an exact sequence O^M^Y^X^O with X G G^c{R) 

andY Giesf^FiR). 

(d) The following conditions are equivalent: 

(i) M G GTciR);^ 

(ii) Ext|^(M,res.^') = 0; 

(iii) Ext],(M,resJP§°*) = 0; 

(iv) E^t%^{M,Tg'*) = 0. 

Thus, the surjection X ^ M from (jb| is a Q c -precover of M. 

(e) The following conditions are equivalent: 

(i) M G Ksf^^R); 

(ii) Ext|\g^c,Af) = 0; 

(iii) Ext)j(a.Fc,M) = 0; 

(iv) supji ^ I Ext*j^(a^c, M) / 0} < oo and Ext|^(J^§°*, M) = 0. 

Thus, the injection M ^Y from (jcj) is o lesJ-^^-preenvelope of M . 

(f) There are equalities 

gTc-vd]^{M) = sup{i ^ I Ext^(M,res.^*) ^ 0} 
= sup{i ^ I Extj^(M, J^^"*) ^ 0} 

(g) There is an inequality QJ-Q-V^ni^^) ^ •^c°*"Pd_R(-^'^) with equality when 
•^c°*-pdfl.(M) < oo. 

(h) The category res G J- c{R) is closed under extensions, kernels of epimorphisms 
and cokernels of monomorphisms. □ 

For the next result recaU that the triple (^J^c(^), res J^^*(S), Jf'^°*(i?)) is an 
AB-context if it is a weak AB-context and such that resGTciR) — Ai{R). 

Proposition 4.11. Assume that dim(i?) is finite, and let C be a semidualizing 

R-module. The triple (^J-'c(-R), res.F™'(-R), JF^°'(-R)) is an AB-context if and only 
if C is dualizing for R. 

Proof Assume first that {gTc{R),Tesf^?UR),T^°\R)) is an AB-context. Recall 
that every maximal ideal of the trivial extension i? k C is of the form m k C for 
some maximal ideal m C i?, and there is an isomorphism {R k C)/(m k C) = R/m. 
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With Fact 12.91 this yields the equahty in the next sequence 

Gfd(fl^c)„.c((^ X C)^^c/{m X CU^c) ^ GidR^c{{R X C)/{m k C)) 

= gTc-V'^niRlva) < oo. 

The first inequality follows from [5l (5.1.3)], and the finiteness is by assumption. 
Using [51, (1.2. 7), (1.4. 9), (5. 1.11)] we deduce that the following ring is Gorenstein 

{R K C)mKC - Rm X Cm 

and so [H] (7)] implies that is duahzing for R^- (This also follows from [6^ (8.1)] 
and [TTl (3.1)].) Since this is true for each maximal ideal of R and dim(i?) < oo, 
we conclude that C is duahzing for R by [21 (5.8.2)]. 

Conversely, assume that C is dualizing for R. Using TheoremlH it suffices to show 
that each i?-module M has gj-c-'pdj^{M) < oo. Since C is dualizing, the trivial 
extension RxC is Gorenstein by [211 (7)]. Also, we have dim(i?K C) = dim(i?) < oo 
as Spec(i? K C) is in bijection with Spec(i?). Thus, in the next sequence 

gj^c-pdj^iM) = GfdflKc(M) < oo 

the finiteness is from [9, (12.3.1)] and the equality is from Fact 12.91 □ 

To end this section, we prove a compliment to [26,, (4.6)] which establishes the 
existence of certain approximations. For this, we need the following preliminary 
result which compares to Lemma 14.81 

Lemma 4.12. IfC is a semidualizing R-module, then there is an equality J- c{R) = 
gTc{R)r)iesT^). 

Proof. The containment J-c{R) C g!Fc{R) H xesTc{R) is from Definition 11.41 and 
Fact 12.91 For the reverse containment, let M S gTc{R) r\i:esJ-c{R). Let n ^ 1 be 
an integer with jrp-pdfl(M) ^ n. We show by induction on n that M is C-flat. 
For the base case n — 1, there is an exact sequence 

(t) Xi-. M ->Q 

with Xi , Xo G Tc (R) ■ Lemma 14.51 provides an exact sequence 

(t) 0^Xi^Yi^Y2^0 

with Yi e T^*'{R) and Y2 G J-c{R). Consider the following pushout diagram whose 
top row is ([f]) and whose leftmost column is H]). 





^ Xi ^ Xq ^ M ^ 



(*) *- Yi *- V *- M ^ 
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Since M is in QTc{R) and Yi is in J'g'^R), Lemma O implies Ext]i{M,Yi) = 
0. Hence, the middle row of ^ splits. The subcategory J-c{R) is closed under 
extensions and summands by 18, Props. 5.1(a) and 5.2(a)]. Hence, the middle 
column of Q shows that V G Tc{R), so the fact that the middle row of splits 
implies that M e Tc{R), as desired. 

For the induction step, assume that n ^ 2. Truncate a bounded ^c-resolution 
of M to find an exact sequence 

such that Z G Tc{R) and Tc-Y"^ji{K) ^ n — 1. By induction, wc conclude that 
K G !Fc{R)- Hence, the displayed sequence implies JFc- pdjj(A/) ^ 1, and the base 
case implies that M G J-c{R)- □ 

Proposition 4.13. Let C be a semidualizing R-module and assume that dim(_R) 
is finite. If AI G QJ-c{R), then there exists an exact sequence 

such that K G Tc{R) and X G gVc{R)- 

Proof. Since M is in QTc{R) and dim(_R) < oo, we know that tJT^c- P<i^(M) < oo 
by [22l (3.3.c)]. Hence, from [26, (4.6)] there is an exact sequence 

0-^K-^X-^M^O 

with K G resV^) and X G GVciR)- From 22, (3.3. a)] we have X G QVc{R) Q 
Q!Fc{R). Since Q!Fc{R) is closed under kernels of epimorphisms by Proposition l4.3[ 
the displayed sequence implies that K G QJ-c{R)- The containment Vc{R) ^ 

Tc{R) implies K G iesVc{R) Q yes!Fc{R), and so Lemma 14.121 savs K G !Fc{R). 
Thus, the displayed sequence has the desired properties. □ 

5. Stability of Categories 

This section contains our analysis of the categories G"{^c{R)) and Q'^{!F^^{R)); 
see Definition l2.10l We draw many of our conclusions from the known behavior for 
Q"-{Xc{R)) using Pontryagin duals. This requires, however, the use of the categories 
rVl:{Tc{R)) and n^{T^°\R)) as a bridge; see Definition EH 

Lemma 5.1. Let C be a semidualizing R-module, and let X be an R-complex. If 
X is Hom/j(— , jF^°')-ea;aci, then it is — ®iilc-exact. 

Proof. Let N G Ic{R). From Lemmas |3Jj|d| and l3.3l we know that the Pontryagin 
dual N* is in jF™'(i?). Hence, the following complex is exact by assumption 

Homfl,(X, N*) ^ Homfl,(X, Homz(A^, Q/Z)) = Homz;(X ®b. N, Q/Z). 

As Q/Z is faithfully injective over Z, we conclude that X (^n N is exact, and so X 
is — (8)_R Tc-exact. □ 

Note that the hypotheses of the next lemma are satisfied whenever X C QJ-c{R) 
by Fact [2J] and Lemma 14.11 

Lemma 5.2. Let C be a semidualizing R-module and X a subcategory of A4{R). 

(a) IfToT§^{X,Ic) = 0, then ToT§^(ni,{X),Ic) = for each n > 1. 

(b) IfX ±Tg'\R), then TV^iX) 1 T^\R) for each n ^ 1. 
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Proof. By induction on n, it suffices to prove the result for rt = 1. We prove 
part (ja|. The proof of part (jbl is similar. 

Let M e HciX) with VcJ^c^ -complete A'-resolution X. The complex X is 
— Xc-exact by Lemma [5. II Since we have assumed that Tot^i{X ,Ic) = 0, the 
desired conclusion follows from Lemma [LUjcj) because M = Ker(95i)- □ 

The converse of the next result is in Proposition [53] 

Lemma 5.3. If C is a semidualizing R-module and M £ Tic {J'c (R)) : then M* e 

Proof. Let X he a. Vc^c'*^- complete jFc-resolution of M. Lemma [3.1t |b)) implies 
that the complex X* — Homz(X, Q/Z) is an exact complex in Ic{R). Furthermore 
M* = Coker(i9j''" ). Thus, it suffices to show that X* is llomji{Xc,—)-exact and 
Homfl(— ,Ic')-exact. Let / be an injective i?-module. 

The second isomorphism in the following sequence is Hom-evaluation [71 (0.3.b)] 

C(E)rX* = C®flHomz(X,Q/Z) ^Homz(Homfl(C,X),Q/Z). 

Since Hom/j(C, X) is exact by assumption, we conclude that C (E)r X* = X* (S)r C 
is also exact. It follows that the following complexes are also exact 

KomiiiX* ®rC,I) ^ Homi?,(X*,Homj^,(C,/)) 

where the isomorphism is Hom-tensor adjointness. Thus X* is Homi{(— ,Xc')-exact. 

Lemma [5.11 implies that the complex Hom/j;(C, /) i^r X is exact. Hence, the 
following complexes are also exact 

Homz(Homfl(C, /) (x)r X, Q/Z) = UomR{RomR{C, /), Homz(X, Q/Z)) 

= Hom^(Hom;^(C, I),X*) 
and so X* is HomRffc , — )-exact. □ 
The next result is a version of [23". (5.2)] for Hc{^c{R))- 

Proposition 5.4. If C is a semidualizing R-module, then there is an equality 
nc{Tc{R)) = QTc{R) n Bc{R). 

Proof For the containment UciTciR)) C gTc{R)r\Bc{R), let M e nc{Tc{R)), 
and let X be a VcJ^c'^ -complete J^c-resolution of M . Lemma [5.11 implies that X 
is — (Kifl Ic-exact, and so the sequence 

Af ^ X_i ^ X_2 ^ • ■ ■ 
satisfies condition l2.9p ]l. Fact |2?9] implies Toy^i{Tc,Xc) — and so Lemma [S^ faj) 
provides Tor§i(M,Zc) = 0. From Fact [M] we conclude M e gTc[R)- Also, 
Lemma [Ol guarantees that M* £ g{Ic{R)), and so M* € AciR) by Fact [2ll] 
Thus, Fact |2J] implies M e Bc{R). 

For the reverse containment, let M e QTc{R)f^Bc{R), and let F be a complete 
J-'J-'c-resolution of M . In particular, the complex 

(t) o^M^ y_i ^ y_2 ^ . . . 

is an augmented J-c-coresolution of M and is — (E)r Xp-exact. We claim that this 
complex is also Homfl;(C, — )-exact and IIom7j(— , J^™*)-exact. For each i £ Z set 
Mi = Coker{dY). This yields an isomorphism M = Mi. By assumption, we have 
M,Y, G BciR) for each i < 0, and so C ± M and C _L Y,. Thus, Lemma 119© 
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implies that the complex ([f]) is Homfl;(C, —) -exact. From Lemma [4.41 we conclude 
Mi 6 QJ-c{R) for each i, and so Mi _L JF™'(i?) by Lemma l4m Lemma [331 implies 
Yi _L T^*'{R) for each i < 0, and so Lemma ll.Ofe j) guarantees that ([f| is also 
Homi^ ( — , ) -exact . 

Because M e Bc{R), Fact 12.71 provides an augmented T'c-proper T'c'-resolution 

(X) ...^z,^Z,^M^Q. 

Since each Z, G VciR) Q ^c{R), we have Z, ± T'^^R) by Lemma O Since 
M ± T^°\R), we see from Lemma that (g]) is also Homfl(-, J^"^"*) -exact. 

It follows that the complex obtained by splicing the sequences ^ and ([|]) is a 
Pc-^c? '-complete J^c-resolution of M. Thus M G Hc(^c(-R)), as desired. □ 

Our next result contains the converse to Lemma l5.3l 

Proposition 5.5. Let C be a semidualizing R-module and M an R-module. Then 
M G HciJ'ciR)) */ and only if M* G g{Ic{R)). 

Proof. One implication is in Lemma [5.31 For the converse, assume that M* is in 
g(Ic{R)) = Q1c{R) n Ac{R)] see Fact [2ll] Fact O and Lemma combine 
with Proposition [El to yield M G Bc{R) n QJ^c{R) = Hci^FciR))- □ 

The next three lemmata are for use in Theorem 15.91 

Lemma 5.6. If C is a semidualizing R-module, then Ti.^,{J-'c{R)) Q Bc{R)- 

Proof Let M G Hc{TciR)) and let X be a T'c-^c '-complete Hc(-^c)-resolution 
of M. In particular, the complex }iomii{C, X) is exact. Each module Xi is in 
Hci:Fc{R)) Q Bc{R) by Proposition [531 and so Ext|^(C,X,) = for each i. 
Thus, Lemma [010 implies that Ext|^(C, Af) = 0. Also, since M ^ Ker(55i), 

the left-exactness of Homi^(C, — ) implies that IIom/f (C, M) = Ker(9'^°'°"^'^'"^-'). 

The natural evaluation map C ®r Homfl(C, X^) Xi is an isomorphism for 
each i because Xi G Bc{R), and so we have C IIomfl(C, X) = X. In particular, 
the complex liomii{C,X) is - ®r C-exact. As Tor^;^(C, Homfl(C, X^)) = for 
each i, Lemma [Ot jcl implies that Tor>]^(C, Homi{(C, Af )) = 0. 

Finally, each row in the following diagram is exact 

CigiR Homij(C, Xi) ^ C®B. Honi/?(C, Xa) ^ C <®r Honifl(C, M) ^ 



Xi ^ Xq ^ Af ^ 

and the vertical arrows are the natural evaluation maps. A diagram chase shows 
that the rightmost vertical arrow is an isomorphism, and so A/ G Bc{R)- D 

Lemma 5.7. If C is a semidualizing R-module, then F(?^{R) is an infective co- 
generator for Tic {Tc (R))- 

Proof. The containment in the following sequence is from Facts 12.71 and 12.91 

J'c'iR) ^ G^ciR) n Bc{R) - HciJ^ciR)) 
and the equality is from Proposition 15.41 Lemma [4.11 implies QJ^c{R) -L ^c'^{R)- 
Thus, the conditions Hc{.J'c{R)) = QJ'ciR) n Bc{R) C GTciR) imply that we 
haveWc(.^c(i?))^^&°*(i?). 
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Let M G HciJ-ciR)) ^ GJ'c{R}- Since Tq'^{R) is an injective cogenerator for 
QTc{R) by Proposition 14. 7( there is an exact sequence 

O^M ^ X ^ M' 

with X G and M' G GTciR). Since M and X are in Bc{R), Fact [2J| 

implies that M' G Bc{,R)- That is Af G QFc{R) n ec(i?) = nc{J^c{R))- This 
extabhshes the desired conclusion. □ 

Lemma 5.8. If C is a semidualizing R-module, then T-Qj{J-c{R)) ^ cores 

Proof. Lemma [5?7l savs that !Fq'^{R) is an injective cogenerator for TLc[^c{R))- 
By Lemma we know that Hl{J^c{R)) -L J^c\R)- Let M G HliJ^ciR)) and 
let X be a 7'c'-^c''"'^°™^P^^^® 7ic(-^c)-i'esolution of AI. By definition, the complex 

A/ ^ X_i X_2 ^ • • • 
is an augmented Hc(-?X7)-coresolution that is J^c-proper and therefore jr^°*-proper. 



Theorem 5.9. For each semidualizing R-module C and each integer n ^ 1, there 
is an equality rC^{Tc{R)) = QTc{R) n Bc{R). 

Proof. We first verify the equality H^(Jf'c(i?)) = nci^c{R))- Remark[2l3]implics 
nl;{Tc{R)) 2 nd^FciR))- For the reverse containment, let M G rQji^c{R))- 
Lemma [33] implies Tc{R) -L J'c^iR), and so M ± by Lemma [521|b| . 

From Lemma [5.61 we have M G Bc{R), and so Fact 12.71 provides an augmented 
■Pc-proper Pc-resolution 

it) . . . ^ Zi ^ Zo ^ M ^ 0. 

Each Z, G Vc{R) C Tc{R), so we have Z, ± T'^°\R) by Lemma [O We conclude 
from Lemma [LQt jaj) that ^ is Homfl;(— , .7-"™*)-exact. 

Lemma [5.81 vields a J^™*-proper augmented J^™*-coresolution 

(t) ^ A/ ^ y_i ^ r_2 ^ ■ • ■ . 

Since each Yi G T^c\R) Q Bc{R) by Fact EB we have C ± for each i < 0, 
and similarly C _L M. Thus, Lemma ri.9tjb|) implies that ^ is Homfl(C, — )-exact. 
It follows that the complex obtained by splicing the sequences ^ and ([f]) is a 
Vc^c ^-complete J^c-resolution of M. Thus, we have M G Hc{J^c{R))- 

To complete the proof, use the previous two paragraphs and argue by induction 
on n to verify the first equality in the next sequence 

■HU^c{R)) = Hc{Tc{R)) = QJ'ciR) n Bc{R). 

The second equality is from Proposition [531 D 

Our next result contains Theorem [TTlJaj) from the introduction. 

Corollary 5.10. If C is a semidualizing R-module, then G"'{G^c{R) ^Bc{R)) = 
QTc{R) n Bc{R) for each n ^ 1. 

Proof. In the next sequence, the containments are from Fact 12. iT] and Remark l2.13l 




□ 




□ 
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Remark 5.11. In light of Corollary I5.10|, it is natural to ask whether we have 
g{Tc{R)) = GTciR) n Bc{R) for each semidualizing i?-module C. While Re- 
mark [233] and Proposition imply that g{Tc{R)) Q Q^c{R) n Bc{R), we do 
not know whether the reverse containment holds. 

We now turn our attention to Hg.(J^^°*(i?)) and g''{T^°\R)). 

Proposition 5.12. Let C be a semidualizing R-module and let 1. 

(a) We have GTciR) n Bc{K) n Tc{K)^ Q Ti.l{J^^°\R)) C gj^c{R) n Bc{K). 

(b) //dim(i?) < oo, then J^c{R) -L 

(c) //dim(i?) < oo, then H2,iJ='g>*{R)) = GTciR) Bc{R) n Tc{R)^ ■ 

Proof. (Jaj) For the first containment, let M e GTciR) n Bc{R) r\Tc{R)^- Since 
M G Bc{R) n Tc{R)^, Lemma FB-St jcj) yields an augmented jF™'-resolution 

> Zi ^ Zo ^ M ^ 

that is llomfj{C, — )-exact; the argument of Proposition 15.41 shows that this resolu- 
tion is Homi^(— , JF™*) -exact. Because M is in QTc{R)^ Proposition 14.71 provides 
an augmented .F™*-coresolution 

^ M ^ F_i F_2 ^ • • • 

that is Homjj(— , jr^°')-exact. Since M e Bc{R), the proof of Proposition l5.4l shows 
that this coresolution is also Hom;j(C, — )-exact. Splicing these resolutions yields a 
Pc^C '-complete Jf'^°*-resolution of M, and so M e TiciJ^c^R)) ^ ^c(-^C*(^))- 
The second containment follows from the next sequence 

nu^'c°\R)) c rrdTciR)) = q:fc{r) n Bc{r) 

wherein the containment is by definition, and the equality is by Theorem 15.91 

(jb| Assume d = dim(i?) < oo. A result of Gruson and Raynaud [201 Seconde 
Partie, Thm. (3.2.6)] and Jensen [THl Prop. 6] implies pd^(i^) ^ d < oo for each 
flat i?-module F. 

We prove the result for all n ^ by induction on n. The base case n = Q 
follows from Lemma 1331 Assume n ^ 1 and that Tc{R) -L Let 
M G Ul{T^(?\R)), and let AT be a T'c-?^™ '-complete H^"i(Jc-™t)-resolution of M. 
For each i set Mi = Im(9,f^). This yields an isomorphism M = Afo and, for each i, 
an exact sequence 

^ M,+i ^ X, ^ M., ^ 0. 

Note that Mi, Xi G Bc{R) by part (ja|). Let F 0^? C G J^c{.R) and let t > 1. Since 
J-c{R) -L Xi for each a standard dimension-shifting argument yields the first 
isomorphism in the next sequence 

Ext5^(^^ ®R C, M) - Ext'+'^iF C, Md) = Ext^+''(F, Homfl(C, Md)) = 0. 

The second isomorphism is a form of Hom-tensor adjointness using the fact that F 
is flat with the Bass class condition Ext|^^(C, Aid) = 0. The vanishing follows from 
the inequality pdj^(F) ^ d. 

(jcj) This follows from parts (ja| and ([b| . □ 

Lemma 5.13. Let C be a semidualzing R-module and assume dim(i?) < oo. If 
M G Tc{R), then Tg'^-idR^M) dim(i?) < oo. 
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Proof. Let F be a flat i?-module such that M ^ F®b.C. Since d = dim(i?) is finite, 
the flat module F has an jr'=°*-coresolution X such that Xi = for aU i < —d; see 
P (8.5.12)]. Since M e Ac{R) and each Xi e Ac{R), it foUows readily that the 
complex X ®_r F is an jFp'*-coresolution of M of length at most d, as desired. □ 

Our final result contains Theorem IIIl(b| from the introduction. 

Theorem 5.14. Let C be a semidualzing R-module and assume dim(i?) < oo. 
Then g"iT^°\R)) = GTciR) n Bc{R) n J^c[R)^ for each n^l, and Tg'\R) is 
an injective cogenerator and a projective generator for QJ-c{R)r)Bc{R)(^^c{R)^ ■ 

Proof We first show g{Tg'\R)) D Hc{T^\R))- Let M G nc{J^^\R)) and let 
X be a ■Pc.^c ^-complete jr^°*-resolution of M. To show that M is in g{J^^\R)), 
it suffices to show that X is Homfl;(^p°*, — )-exact, since it is Homfl;(— , jr™')-exact 
by definition. For each i, set Mi = Im(i9j^) G Hc{^c'^{R))- Lemma [3731 and Propo- 
sition [5T210 imply J^'cIr) -L X, and J^c{R) -L M, for aU i. Hence, LemmaHISIbl) 
implies that X is Hom/{(.7-c, — )-exact, and so X is Homfl(jF™*, — )-exact. 

We next show g{Tg'\R)) C HciO^c^R))- Let TV G g{J'^°\R)) and let F be a 
complete .7^™*-resolution of TV. We will show that Y is HomH(jrc, — )-exact; the con- 
tainment Vc{R) C J-c{R) will then imply that 1" is Hom/f(7'c', — )-exact. Since Y is 
Homfl(—, jrg^*)-exact by definition, we will then conclude that N is in He i^c'^ {R)) ■ 
We have !Fc{R) -L Yi for each z by Lemma [3.31 and so J-^^{R) ± Yi. Since y is 
Homi?(J"^°*,-)-exact, Lemma[L9Hb]) implies T'^^{R) -L M. From Lemma [L8l we 

conclude that cores .F™* (i?) ± A/. Since dini(i?) < oo. Lemma [5.131 implies that 

Tc{R) C coiesf^^k) and so Tc(.R) -L M. With the condition J^c(i?) -L Y, from 
above, this implies that Y is Homfl(J?x', — )-exact by Lemma [LQlf bl) . 
The above paragraphs yield the second equality in the next sequence 

= g{T^c°'{R)) = Wc(^c'(^)) - gTc{R)r\Bc{R)r^Tc{R)^. 

The first equahty is from [23l (4.10)] since Lemma [U implies J'c^iR) ± ^Fg'HR), 
and the third equality is from Proposition I5.12r [cj) . The final conclusion follows 
from f23', (4.7)]. □ 
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